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Abstract The stability of natural convection in a fluid-saturated vertical anisotropic porous layer is inves-
tigated. The vertical rigid walls of the porous layer are maintained at different constant temperatures, and
anisotropy in both permeability and thermal diffusivity is considered. The flow in the porous medium is
described by the Lapwood–Brinkman model, and the stability of the basic flow is analysed numerically using
Chebyshev collocation method. The presence of inertia is to inflict instability on the system and in the absence
of which the system is always found to be stable. The mechanical and thermal anisotropies exhibit opposing
contributions on the stability characteristics of the system. The mode of instability is interdependent on the
values of Prandtl number and thermal anisotropy parameter, while it remains unaltered with the mechanical
anisotropy parameter. The effect of increasing Prandtl and Darcy numbers shows a destabilizing effect on the
system. Besides, simulations of secondary flow and energy spectrum have been analysed for various values of
physical parameters at the critical state.
List of symbols
a Vertical wave number
c Wave speed
cr Phase velocity
ci Growth rate
Da Darcy number
Eb, Ed, ED, Es Disturbance kinetic energies
g Acceleration due to gravity
G Grashof number
h Half-width of the porous layer
iˆ Unit vector in x-direction
kˆ Unit vector in z-direction
K
∼
Second-order permeability tensor
Kx Transverse component of the permeability
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Kz Longitudinal component of the permeability
K1 Mechanical anisotropy parameter
p Pressure
Pr Prandtl number
q = (u, v, w) Velocity vector
t Time
T Temperature
Tc, Td Disturbance thermal energies
T1 Temperature of the left boundary
T2 Temperature of the right boundary
Wb Basic velocity
(x, y, z) Cartesian co-ordinates
Greek symbols
α Volumetric thermal expansion coefficient
β Temperature gradient
χ Ratio of heat capacities
ϕp Porosity of the porous medium
κ
∼
Thermal diffusivity tensor
κx Transverse component of the thermal diffusivity
κz Longitudinal component of the thermal diffusivity
κ1 Thermal anisotropy parameter
μ Fluid viscosity
μe Effective fluid viscosity
ν Kinematic viscosity
θ Amplitude of perturbed temperature
ρ Fluid density
ρ0 Reference density at T0
ψ Stream function
 Amplitude of vertical component of perturbed velocity
1 Introduction
Natural convection in a porous medium has been studied extensively over the past few decades because of
its applications to geophysics, oil recovery techniques, thermal insulation engineering, packed bed catalytic
reactors, heat storage beds, cooling of spent fuel of nuclear reactors, rod bundle assemblies consisting of
nuclear fuel pins under complete blocked condition and storage of agricultural, food products and other areas
of practical interest. Another important example is groundwater motion in sediments and other anisotropic
rocks, especially in areas with geothermal activity. The study of natural convection in a porous medium is
interesting in view of applications to the above practical cases, and most of the studies have dealt with isotropic
porous media [1–4].
However, most porous media encountered in nature and in industry are anisotropic in their mechanical and
thermal properties. Therefore, it is pragmatic to include these effects for the accurate modelling of thermal
convection in porous media. Anisotropy is particularly important in a geological context because sedimentary
rocks generally have a layered structure wherein the permeability in the vertical direction is often much less
than in the horizontal direction. Anisotropy can also be a characteristic of artificial porous materials like
pellets used in chemical engineering processes and fibre material used for insulating purpose. Furthermore,
the thermal conductivity of many sedimentary and metamorphic rocks is strongly anisotropic, and lateral heat
flow will be significant in such situations. During the solidification of alloys, a dendritic region is known as
mushy zone separating the melt from the solid forms, and this region is regarded as a porous medium in which
the permeability and possibly the thermal conductivity may be anisotropic.
Most of the investigations considering the effect of anisotropy have been carried out for the onset of natural
convection in horizontal porous layers. For example, Castinel and Combarnous [5] derived the criterion for
the stability of a porous medium which is anisotropic in permeability only while the analysis was extended
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by Epherre [6] to the case of anisotropy in both permeability and thermal diffusivity. The onset of convection
as well as slightly supercritical convection through anisotropic multilayered porous media is considered by
McKibbin and Tyvand [7]. The onset of Darcy–Bénard convection in a horizontal porous layer with anisotropic
permeability is investigated by Tyvand and Storesletten [8]. Both linear and nonlinear energy stability analyses
for penetrative convection in anisotropic porous media with permeability transversely isotropic with respect
to an inclined axis were developed by Straughan and Walker [9], while Payne et al. [10] studied the structural
stability for the problem of penetrative convection in anisotropic porous media. Rees and Postelnicu [11]
discussed the onset of convection in an inclined anisotropic porous layer. Khalili et al. [12] discussed the
combined form of anisotropic permeability and thermal diffusivity on the onset of convection in an internally
heated porous medium. Anisotropy effects in general have been reviewed by Storesletten [13]. Various aspects
of anisotropy on thermal convection in porous media are considered by Capone et al. [14–16]. Shiina and
Hishida [17] analysed the critical Rayleigh number of porous layers with high porosity formed with thin
circular wires arrayed and stretched across the phase change materials layer between the two horizontal heat
transfer plates. The linear and nonlinear convective instability in a saturated porous material of Darcy type is
considered by Haddad [18] by allowing a nonzero inertia term and also the permeability to be an anisotropic
tensor.
Nonetheless, the study of thermal convection in a vertical layer of an anisotropic porous medium has
received comparatively less attention. Burns et al. [19] examined analytically the convective heat transfer in
a vertical slot considering both isothermal and non-isothermal walls. Poulikakos and Bejan [20] considered
the effect of non-uniform permeability and thermal diffusivity on natural convection in a rectangular cavity
filled with a fluid-saturated multilayered porous medium. Lai and Kulacki [21] considered convection in a
rectangular cavity with a vertical permeable interface between two porous media. Ni and Beckermann [22]
studied numerically the natural convection flow and heat transfer in a vertical porous enclosure, which is both
hydrodynamically and thermally anisotropic. Degan et al. [23] studied natural convection in a fluid-saturated
porous medium filled in a rectangular cavity. The mixed convection in a vertical porous channel with an
anisotropic permeability is investigated by Degan and Vasseur [24].
The stability of natural convection in a vertical layer of a porous medium whose vertical walls are at
different constant temperatures has also received the attention of researchers, but it is still in infancy [25–30].
Moreover, the previous studies are limited to the isotropic porous medium case. To encompass many practical
situations, however, it is imperative to consider mechanical and thermal anisotropies of the porous medium.
When the porous medium is utilized for a latent heat storage system, it is necessary to consider it with a
porosity as high as possible (close to unity) to secure large heat storage capacity and to prevent the suppression
of natural convection [17]. At the same time, it is required to achieve large effective thermal conductivity
to attain high heat transfer performance during solidification. One of the best ways for fulfilling these two
contradictory goals is stretching many thin metal wires across the phase change materials layer between the
hot and cold heat transfer surfaces. Such a porous phase change materials layer with stretched wires will be an
anisotropic porous layer. The above observed facts suggest the appropriateness of considering a non-Darcian
model and anisotropy of the porous medium in the study of stability of natural convection in a vertical layer
of porous media.
The primary objective of this present work is to investigate the linear stability properties for non-Darcy
flow in a vertical anisotropic layer whose vertical walls are retained at different constant temperatures. The
remainder of this work is laid out as follows: The mathematical formulation is given in Sect. 2, which contains
the governing equations. The basic state, the linear stability analysis, and the numerical solution adopted are
given in Sects. 3 and 4, respectively, while the energy budget analysis is given in Sect. 5. Results and discussion
are drawn in Sect. 6, and conclusions are presented in the last section.
2 Mathematical formulation
We consider an anisotropic vertical porous layer of width 2h whose rigid left wall at x = −h is maintained at
fixed temperature T1,while the rigid rightwall at x = h ismaintained at fixed temperature T2(>T1). ACartesian
coordinate system (x, y, z) is chosen such that the origin is at the middle of the porous layer, and the z-axis is
vertically upward (see Fig. 1). The gravity is aligned in the negative z-direction. The thermophysical properties
of the fluid are assumed to be constant except for density dependency of the buoyancy term in the momentum
equation. The medium is anisotropic in permeability and thermal diffusivity. Under the Oberbeck–Boussinesq
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Fig. 1 Physical configuration
approximation, the governing equations for the flow and heat transfer [2] are:
∇ · q = 0, (1)
ρ0
[
1
ϕ
∂ q
∂t
+ 1
ϕ2
(q · ∇) q
]
= −∇ p + ρ g + μe∇2 q − μK
∼
−1 · q, (2)
χ
∂T
∂t
+ (q · ∇) T = ∇ ·
(
κ
∼
· ∇T
)
, (3)
ρ = ρ0 {1 − α (T − T0)} (4)
where q = (u, v, w), p, T , and ρ are the velocity, pressure, temperature, and fluid density, respectively, while
g, ϕ, μe, μ, α, χ , and T0 [=(T1 + T2)/2] are the acceleration due to gravity, porosity, effective viscosity,
fluid viscosity, volumetric thermal expansion coefficient, ratio of heat capacities, and average temperature of
the vertical walls, respectively. Further, K
∼
−1 = K−1x iˆ iˆ + K−1y jˆ jˆ + K−1z kˆkˆ and κ
∼
= κx iˆ iˆ + κy jˆ jˆ + κz kˆkˆ,
where iˆ , jˆ , and kˆ are the unit vectors in the positive x-, y- and z-directions, respectively, and k−1 and k are
the inverse of permeability and thermal diffusivity tensors, respectively. Thus, the permeability and thermal
diffusivity tensors of the porous medium are assumed to be constant and to have principal axes aligned with
the coordinate system. The resulting equations are made dimensionless by scaling (x, y, z) by h, t by h2/ν, q
by κz/h, T − T0 by βh[β = (T2 − T1)/h], and p by ρ0κzν/h2, to obtain
∇ · q = 0, (5)[
1
ϕ
∂ q
∂t
+ 1
ϕ2Pr
(q · ∇) q
]
= −∇ p + GPrT kˆ + ∇2 q − 1
Da
(
K−11 iˆ iˆ + K−12 jˆ jˆ + kˆkˆ
)
· q, (6)
χ
∂T
∂t
+ 1
Pr
(q · ∇) T = 1
Pr
∇ ·
[(
κ1iˆ iˆ + κ2 jˆ jˆ + kˆkˆ
)
.∇T
]
(7)
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where Pr = ν/κz is the Prandtl number, G = αgβh4/ν2 is the Grashof number, Da = Kz/h2 is the Darcy
number,  = μe/μ is the ratio of viscosities, K1 = Kx/Kz and K2 = Ky/Kz are the mechanical anisotropy
parameters, and κ1 = κx/κz and κ2 = κy/κz are the thermal anisotropy parameters.
3 Basic state
In the basic state, the flow is fully developed, unidirectional, steady and laminar. Thus,
q = Wb(x)kˆ, T = Tb (x) , p = pb (x) . (8)
Then, Eqs. (6) and (7) reduce to ordinary differential equations, which are solved analytically using the
appropriate boundary conditions
Wb = 0 at x = ±1, Tb = −1/2 at x = −1, Tb = 1/2 at x = 1 (9.1)
and found that
Wb = GPr Da
2
[
x − cosech(1/√Da) sinh(x/√Da)
]
,
Tb = x/2 (9.2)
where the subscript b denotes the basic state. The pressure is of no consequences as we are eliminating the
same.
4 Linear stability analysis
To perform the linear stability analysis, we superimpose an infinitesimal disturbance on the base flow in the
form
q = qb + q ′(x, z, t), T = Tb + T ′(x, z, t), p = pb + p′(x, z, t). (10)
We restrict our attention to two-dimensional motions, eliminate the pressure from the momentum equation
and introduce a stream function ψ ′ (x, z, t) by
u′ = ∂ψ
′
∂z
, w′ = −∂ψ
′
∂x
(11)
and employ the normal mode analysis in the form{
ψ ′, T ′
} = {, θ} (x)eia(z−ct) (12)
where c is the wave speed and a is the vertical wave number, which is real and positive. As a result, we obtain(
Wb
ϕ2Pr
− c
ϕ
) (
D2 − a2) − D2Wb
ϕ2Pr
 = 1
ia
[

(
D2 − a2)2  − 1
Da
(
D2 − K−11 a2
)
 − GPr Dθ
]
,
(13)(
Wb
Pr
− χc
)
θ + 1
2Pr
 = 1
iaPr
(
κ1D
2 − a2) θ. (14)
In general, c = cr + ici , where cr is the phase velocity and ci is the growth rate.
Since the boundaries are rigid-isothermal, the associated boundary conditions are:
 = D = θ = 0 at x = ±1. (15)
Equations (13)–(15) constitute a stability eigenvalue problem, which is solved numerically by the well-
knownChebyshev collocationmethod [31]. Accordingly, the field variables and θ are approximated in terms
of Chebyshev polynomials in the form
 (x) =
N∑
j=0
ξn (x) j , θ (x) =
N∑
j=0
ξn (x)θ j (16)
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where ξ j (x) = cos( j cos−1 x). The usual procedure leads to the following generalized matrix eigenvalue
problem:
AX = cBX (17)
where c is the eigenvalue and X is the discrete representation of the eigenfunction; A and B are square
(complex) matrices of order 2(N + 1). The eigenvalues and the eigenfunctions of the generalized eigenvalue
problem (17) are determined with the aid of a QZ-algorithm, which is available in the MATLAB software
package in the form of built in function eig( ). Following the procedure explained in Shankar et al. [32], the
critical wave speed cc and the critical Grashof number Gc are computed with respect to the wave number for
various values of Pr , K1, κ1, and Da.
5 Energy budget analysis
In order to understand the role of heat transfer during the flow transition, it is necessary to define an inner
product and the associated norm. This will allow one to address the orthogonality of the eigenfunctions as well
as the size of perturbations. A similar analysis has been performed by Su and Chung [33], and Shankar et al.
[30]. For the temporal evolution of disturbances in an incompressible flow, the energy density of a disturbance
is a physically meaningful measure of the size of the perturbation. Here, it is possible to define two different
types of disturbance and fluctuation energies. The first one is the kinetic energy, which is induced by the fluid
flow, while the second is the thermal energy due to transport of heat. The rate of change of two-dimensional
(non-dimensional) kinetic and thermal energies is given by
1
ϕ
∂
∂t
〈
1
2
(
u2 + w2)
〉
= − 1
ϕ2Pr
〈uwDWb〉 + GPr 〈wT 〉 − 1
Da
〈
K−11 u
2 + w2
〉
−  〈(∇u)2 + (∇w)2〉
= Es + Eb + ED + Ed, (18)
1
2
〈
χ
∂
(
T 2
)
∂t
〉
= − 1
2Pr
〈uT 〉 −
〈
κ1
(
∂T
∂x
)2
+
(
∂T
∂z
)2〉
= Tc + Td (19)
where the brackets 〈〉 represent the average over the volume of disturbance waves. In Eq. (18), the first term
on the right-hand side, Es, represents the gain (loss) of the disturbance kinetic energy from (to) the mean
flow and is referred to the shear production (destruction). The term denoted by Eb is due to non-isothermal
effects and represents the production (destruction) of disturbance kinetic energy by the buoyancy effect. The
third and fourth terms (ED and Ed) represent, respectively, the dissipation of disturbance kinetic energy due to
surface drag (Darcy term) and viscous force. The terms Td and Tc in Eq. (19) are negative and positive definite
quantities, respectively. They represent the dissipation of disturbance thermal energy due to the diffusion effect
and the production of disturbance thermal energy due to thermal convection, respectively.
6 Results and discussion
In this study, the stability of natural convection in a vertical anisotropic Brinkman porous layer whose ver-
tical rigid walls are maintained at constant but different temperatures is investigated. The resulting stability
eigenvalue problem is solved numerically by employing Chebyshev collocation method. The stability of the
system is analysed by computing the critical Grashof number Gc, the critical wave number ac and the critical
wave speed cc as a function of physical parameters involved therein. The convergence process of the numerical
method employed is tested for different sets of parametric values by varying the order of base polynomial N ,
and the results obtained are tabulated in Table 1. From this table, it is evident that four digits point accuracy
can be achieved by retaining 26 terms in Eq. (16). As the number of terms increased in Eq. (16), the results are
found to remain consistent and the accuracy improved up to 7 digits for N = 40. Solutions of up to 8th digit
accuracy could be reached by taking 51 terms in the Chebyshev collocation method, and hence, the results
are obtained for N = 50, in general. Besides, the results obtained for a clear vertical fluid layer case from
the present study under the limiting case are compared with those of McBain and Armfield [34] in Table 2
for different values of the Prandtl number with proper identification of parameters. It is seen that the results
complement with each other. Since the study concentrates mainly on the effect of mechanical and thermal
anisotropy on the stability aspects of the basic flow, the results are analysed separately below.
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Table 1 Convergence of the Chebyshev collocation method
N G = 10000, Pr = 10, Da = 100, K1 = 10, κ1 = 0.2,
ϕp = 0.9, a = 1.5
G = 5000, Pr = 20, Da = 10, K1 = 10, κ1 = 1,
ϕp = 0.9, a = 1
cr ci cr ci
5 9.52317569 1.24770238 −20.40012635 7.89875678
10 33.22960316 0.21151734 −0.00097039 2.99779869
20 33.29189631 0.24228064 −0.01299871 3.03225731
30 33.29182070 0.24217249 −0.01297501 3.03254138
40 33.29182092 0.24217247 −0.01297522 3.03254111
50 33.29182091 0.24217245 −0.01297521 3.03254109
60 33.29182091 0.24217245 −0.01297521 3.03254109
Table 2 Comparison of critical stability parameters
Pr McBain and Armfield [34] Present study
Grc αc cc × 103 Grc αc cc × 103
0 7930.0551 2.6883 0 7934.2948 2.669 0
101 7871.4561 2.7665 0 7873.6144 2.762 0
102 749.6258 2.4203 8.168 750.0727 2.421 8.151
103 251.1985 2.6209 8.403 251.9997 2.621 8.399
104 87.6102 2.5633 8.470 87.7014 2.564 8.468
105 29.2301 2.5050 8.491 29.2349 2.506 8.490
6.1 Influence of thermal anisotropy parameter κ1(=κx/κz)
The variation of Gc, ac, and cc as a function of Pr is shown in Fig. 2a, b, c, and d, respectively, for different
values of thermal anisotropy parameter κ1 when K1 = 1 =  = χ , ϕ = 0.9, and Da = 10−1. Figure 2a
indicates that the variations in the critical Grashof number Gc for the stationary mode are nominal at lower
values of the Prandtl number Pr , and with further increase in Pr the instability switches over from the
stationary to travelling-wave mode. In Fig. 2b, the influence of lower values of Pr on the behaviour of Gc is
shown clearly. From this figure, it is evident that curves of different κ1 pass through a minimum initially at
lower values of Pr , which increases with increasing κ1. A closer inspection of Fig. 2a reveals that increasing
κ1 is to increase the value of Pr at which this transition takes place. Moreover, for each value of κ1, the effect
of increasing Pr is to decrease the value of Gc significantly in the beginning due to a decrease in the thermal
diffusion and remains invariant thereafter as the value of Pr increases. Such a weak influence of Pr on Gc
at stationary mode is another indication that buoyancy forces are the dominant source of instability. Besides,
increasing the thermal anisotropy parameter is to increase the value of Gc in the travelling-wave mode, and
thus, it has a stabilizing influence on the system. This may be attributed to the fact that as κ1 decreases the
horizontal thermal diffusivity also decreases. Thus, heat cannot be transported through the porous layer, and
hence, the horizontal temperature variations in the fluid required to sustain convection are less efficiently
dissipated for small κ1. Hence, the base state becomes less stable, leading to lower values of Gc. In Fig 2c, it is
seen that the critical wave number ac drops suddenly at the transition mode, and increasing Pr is to increase
the value of ac for all values of κ1 in the travelling-wave mode, while at stationary mode the variation in ac is
found to be insignificant. Further, increasing κ1 is to decrease the value of ac, and hence, its effect is to enlarge
the size of convection cells. The discontinuous changes in cc due to the transition from stationary (cc = 0) to
travelling-wave (cc = 0)mode are represented by the vertical lines in Fig. 2d, and it is observed that increasing
κ1 is to increase the critical wave speed.
To elucidate some of the above observed phenomena, we have analysed the behaviour of the energy
spectrum of the disturbed flow at neutral state in detail for different sets of parametric values (Figs. 3 and
4). The results presented for κ1 = 0.2 and 5 with K1 = 1 =  and Da = 10−1 depict the role of energy
components before and after the threshold value of Pr on the stability of disturbed fluid flow. In Fig. 3a, it is
seen that the role of Eb (kinetic energy due to buoyancy) and Es (kinetic energy due to shear) gets changed
as the instability changes from stationary mode to travelling-wave mode at the threshold value of Pr . In the
stationarymode, Eb has aweak influence on the instability of the basic flow, but Es dominates it. Quantitatively,
in the stationary mode, the contribution of Eb(Es) in instilling instability varies from 10 to 36% (90 to 64%).
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Fig. 2 Variation of a, b Gc, c ac, and d cc with Pr for a fixed value of Da = 10−1 and K1 = 1 for various values of κ1. (Dotted
lines) stationary modes, (solid lines) travelling-wave modes
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Fig. 3 Rate of change of a kinetic energy and b thermal energy as a function of Pr when κ1 = 0.2, Da = 10−1, and K1 = 1
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Fig. 4 Rate of change of a kinetic energy and b thermal energy as a function of Pr when κ1 = 5, Da = 10−1, and K1 = 1
But in the travelling-wave mode, Eb only is responsible for the instability, and Es does not show any influence
on the same. In this domain (after the threshold value of Pr), Eb has a tendency to destabilize the flow, while
ED and Ed have a tendency to stabilize it. In the stationary mode also, ED and Ed both stabilize the flow. In
the stationary (travelling-wave) mode, ED and Ed contribute 29% (45%) and 71% (55%) in influencing the
stability of the basic flow, respectively. Further from Fig. 4a, it can be seen that the characteristic of energy
components varies similar to above as a function of Pr before and after the threshold value of Pr . A sudden
change in the behaviour of kinetic energy at the transition mode prompted us to examine the flow pattern near
the location where the threshold value of Pr appears. The interesting finding is that the flow pattern undergoes
a shift from unicellular (stationary mode) to a bicellular one (travelling-wave mode) (see Fig. 5), and also
there is a drastic change in the magnitude of secondary flow. The influence of thermal energy components, Tc
(disturbance thermal energy due to convection) and Td (disturbance thermal energy due to diffusion effects),
on the stability/instability is the same throughout the domain of Pr considered. Figures 3b and 4b indicate that
Td stabilizes and Tc destabilizes the basic flow. This pattern of thermal energy components is observed for all
cases discussed above (results are not shown for all cases). Similar to the results of Su and Chung [33], kinetic
disturbances lose their energy to the mean flow by the shear destruction (Es) when Pr crosses the threshold
value for all sets of parametric values considered in this study (a few results are tabulated in Table 3). However,
the characteristics of Es are a function of Pr, and the energy is gained from the mean flow when Pr is less than
the threshold value for a given set of parameters.
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Fig. 5 Disturbance streamlines for different values of Pr when κ1 = 0.2, Da = 10−1 and K1 = 1
Table 3 Variation of Gc and energy spectrum as a function of Da, K1, κ1, and Pr
Da K1 κ1 Pr Gc Es Ed ED Eb
10−1 1.0 0.2 1.0 4550.565621 0.958913223 −1.000000000 −0.40932235 0.450409073
10−1 1.0 0.2 2.1 4561.097583 0.879224868 −1.000000000 −0.38794623 0.508721287
10−1 1.0 0.2 2.2 4236.171594 −0.047881624 −0.573718734 −0.37839969 1.000000000
10−1 1.0 0.2 5.0 932.463236 −0.027942434 −0.543332151 −0.428725407 1.000000000
10−1 10 1.0 5.0 3985.216936 0.888966629 −1.000000000 −0.346558416 0.457591736
10−1 10 1.0 10.5 3994.135519 0.818632321 −1.000000000 −0.329545508 0.510913120
10−1 10 1.0 10.6 3721.309138 −0.054583636 −0.577905951 −0.367510366 1.000000000
10−1 10 1.0 15.0 1107.683925 −0.058571305 −0.569786888 −0.371641808 1.000000000
100 10 0.2 0.5 951.3645487 0.917130694 −1.000000000 −0.044633802 0.127503152
100 10 0.2 2.9 957.4797953 0.802005584 −1.000000000 −0.041789665 0.239784119
100 10 0.2 3.0 782.3888267 0.032142004 −0.95465103 −0.077491028 1.000000000
100 10 0.2 10.0 190.8272708 −0.000790571 −0.927393188 −0.071816229 1.000000000
6.2 Influence of mechanical anisotropy parameter K1(=Kx/Kz)
Figure 6a shows the instability boundaries on (Pr, Gc) plane for different values of mechanical anisotropy
parameter K1 = 0.1, 1, 5, and 10 when Da = 10−1 and κ1 = 1 = . Figure 6a shows that the threshold
value of Pr at which the instability switches over from stationary to travelling-wave mode is independent
of values of K1. The figure reveals that all the four curves corresponding to K1 exhibit an increasing trend
for Pr < 1, and as Pr increases further, Gc remains constant for all K1 values till Pr attains a value 10.5.
The curves forthwith experience a vertical fall followed by a parabolic drop in the Gc value. The effect of
increasing mechanical anisotropy parameter K1 is to decrease the value of Gc both in the stationary and in
the travelling-wave modes and thus shows a destabilizing effect on the system. This is because an increase in
K1 corresponds to higher horizontal permeability, which in turn eases the motion of the fluid in the horizontal
direction. As a consequence, the conduction process in the porous medium becomes less stable, and hence,
lower values of Gc are needed for the onset of instability. The curves of ac drop suddenly as the transition from
stationary mode to travelling-wave mode at different values of Pr (Fig. 6b), and in the figure the vertical lines
represent this transition. From the figure, it is further evident that the curves for higher values of K1 originate
with larger values of ac. The curves experience a small rise and drop (peak) after which they resemble a
horizontal line with constant ac values until Pr equals 10.5. Subsequently, the ac values plummet for all K1
values after which the former increases exponentially. Also, the effect of increasing K1 is to increase ac at
both stationary and travelling-wave modes. This is because an increase in K1 also amounts to a decrease in
permeability in the vertical direction, which leads to a reduction in the wavelength at the onset of instability.
In Fig.6c, it is observed that the value of cc increases with decreasing K1.
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Fig. 6 Variation of a Gc, b ac, and c cc with Pr for a fixed value of Da = 10−1 and κ1 = 1 for various values of K1. (Dotted
lines) stationary modes, (solid lines) travelling-wave modes
6.3 Combined influence of anisotropy parameters
The interdependence of mechanical and thermal anisotropy parameters is made clearer in Table 4 by tabulating
the critical valuesGc and ac for different values of K1 and κ1 for two values of Pr = 7 and 12when Da = 10−1.
The tabulated values reveal that there exists a threshold value of κ1 beyond which the mode of instability
switches over from travelling-wave mode to stationary mode which in turn depends on the value of Pr . For
example, when Pr = 7, Da = 10−1, and for different values of K1 the instability is via travelling-wave mode
for κ1 = 0.6, while for 0.7 the instability switches over to stationary mode. A similar trend could be seen for
an increased value of Pr = 12 but only at increased values of κ1 = 1.1 and 1.2. That is, an increase in the
value of Pr is to increase the range of κ1 up to which the instability appears as travelling-wave mode.
6.4 Influence of Darcy number Da
Figure 7a, b elucidates the variation of Gc and ac as a function of Pr for different values of Da when K1 = 10
and κ1 = 0.2. There is a general reduction in the origin of the curves as the Da value increases. For Da = 10−2,
B. M. Shankar et al.
Table 4 Variation of Gc and ac for different values of K1 and κ1
K1 Pr = 7, Da = 10−1
κ1 = 0.2 κ1 = 0.6 κ1 = 0.7 κ1 = 1
Travelling-wave Travelling-wave Stationary Stationary
Gc ac Gc ac Gc ac Gc ac
10.0 596.8925560 0.97 2255.815198 0.50 3993.567845 1.06 3990.097126 1.06
2.0 647.6362551 0.91 2397.440982 0.48 4255.157890 1.02 4251.705726 1.02
1.0 705.8395053 0.85 2564.339263 0.45 4562.062360 0.97 4558.599623 0.97
0.5 809.5151985 0.76 2868.455114 0.41 5123.070171 0.90 5119.597347 0.90
0.2 1060.289274 0.59 3558.912473 0.32 6535.609763 0.75 6531.922342 0.75
0.1 1379.382839 0.46 4635.273106 0.26 8394.201256 0.62 8390.184244 0.62
K1 Pr = 12, Da = 10−1
κ1 = 0.2 κ1 = 1 κ1 = 1.1 κ1 = 1.2 κ1 = 2
Travelling-wave Travelling-wave Travelling-wave Stationary Stationary
Gc ac Gc ac Gc ac Gc ac Gc ac
10.0 402.7800167 1.11 1882.661564 0.59 2904.183758 0.42 3993.796279 1.06 3988.381764 1.06
2.0 443.9325052 1.03 2036.078235 0.53 3152.169021 0.37 4255.391231 1.02 4250.008276 1.02
1.0 490.5618781 0.95 2189.018202 0.52 3343.468727 0.36 4562.299004 0.97 4556.901999 0.97
0.5 572.3870302 0.83 2486.903829 0.46 3752.049235 0.33 5123.306753 0.90 5117.896518 0.90
0.2 766.3735564 0.64 3218.755049 0.37 4798.038563 0.26 6535.830535 0.75 6530.092519 0.75
0.1 1009.074993 0.49 4163.512936 0.29 6160.914024 0.21 8394.395551 0.62 8388.151577 0.62
the curve experiences a steep decline in its course, and as the curve progresses, there is a reduction in its slope.
Interestingly, instability is via travelling-wavemode for all the values of Pr . As Da approaches largermultiples
of 10 (i.e., Da = 10−1 and 100), there is a perceptible difference in the behaviour of the curves. For both the
values of Da, the curves are fairly constant, and the instability switches over from stationary to travelling-wave
mode at some threshold value of Pr . But they experience a drop in Gc with increasing Pr . In other words, the
Prandtl number shows no significant effect if the disturbances are stationary, while its effect is significant if
the disturbances are via travelling-wave mode. In Fig. 7a, it is also noticed that a decrease in the value of Da is
to increase the value of Gc, and thus, it has a stabilizing effect on the system. This may be attributed to the fact
that decreasing Da amounts to a decrease in the permeability of the porous medium, which in turn retards the
fluid flow. Figure 7b shows that, with Da = 10−2, there is a wave form curve in the graph, for lower values of
Pr . As Pr approaches the higher value a gradual rise in the curve is observed. Curves for Da = 10−1 and 100
show similar behaviour. The curves are of constant ac values in the stationary mode, and after undergoing a
mild drop, thereafter increases in the travelling-wave mode. Figure 7c shows that increasing Da is to decrease
cc.
7 Conclusions
The linear stability of natural convection in a vertical layer of an anisotropic non-Darcy porous medium
whose vertical rigid walls are at constant but different temperatures is studied numerically using Chebyshev
collocationmethod. The Brinkman-extendedDarcymodel is used to describe the flow in a porousmedium. The
stability of the system is analysed for various values of parameters such as Prandtl number Pr , Darcy number
Da, mechanical anisotropy parameter K1 and thermal anisotropy parameter κ1. In general, it is observed that
the anisotropy in permeability and thermal diffusivity displays a decisive role on the stability of the system.
The conclusions drawn from the foregoing study may be summarized as follows:
(i) The presence of inertial effect is to instil instability in the system. The switching over of instability
from travelling-wave mode to stationary is significantly influenced by the Prandtl number and ther-
mal anisotropy parameter, but it is independent of the mechanical anisotropy parameter. An increase
in the value of Prandtl number (thermal anisotropy parameter) increases the threshold value of thermal
anisotropy parameter (Prandtl number) at which the transition occurs.
(ii) Increase in the mechanical anisotropy has a destabilizing effect, and on the contrary an increase in the
horizontal thermal diffusivity exhibits a stabilizing influence on the system.
(iii) The effect of an increase in the value of the Prandtl number is destabilizing when the instability is via
travelling-wave mode and also to diminish the size of convection cells.
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Fig. 7 Variation of a Gc, b ac, and c cc with Pr for a fixed value of K1 = 10 and κ1 = 0.2 for various values of Da. (Dotted
lines) stationary modes, (solid lines) travelling-wave modes
(iv) An increase in the value of the Darcy number is to destabilize the system. The threshold value of the
Prandtl number at which the transition from travelling-wave mode to stationary mode instability takes
place gets reduced with decreasing Darcy number.
(v) The production of kinetic energy due to the shear term diminishes drastically as the Prandtl number
crosses its threshold value, which could be associated with the change in stationary to travelling-wave
mode of secondary flow. Besides, a sudden change in streamlines is observed both in their magnitude and
pattern just before and after the transition mode.
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